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EXISTENCE OF SOLUTIONS FOR THE SYSTEM OF EQUATIONS
DESCRIBING THE FILTRATION OF A BURNING GAS

Yu. M. Laevskii UDC 536.46

A two-temperature model describing the propagation of combustion waves in a chemically
inert porous medium was discussed in [1] for the filtration of a combustible gas mixture.
The approximate solution obtained there described satisfactorily the experimental results
obtained at the Institute of Chemical Kinetics and Combustion (Siberian Branch, Academy of
Sciences of the USSR). The physical basis of the process is the recovery of energy from con-
ductive transport in the solid structure and heat exchange between the phases. Pressure
gradients are ignored in the treatment; this corresponds to experimental conditions.

One of the questions which arises in a qualitative study of the model is the existence
of solutions of the corresponding system of equations. There are several papers in which
the propagation problem for an excthermal reaction front is solved for a one-temperature
model (cf. [2] and the bibliégraphy given there).

For particular assumptions on the analogy between the concentration and temperature
fields and the reaction rate furnction (see [3]), where the monotonicity of the solution as
a function of the wave velocity was used in an essential way. In the present paper, the
existence of the solution to the eguations governing the process referred to above will be
demonstrated. It turns out that the solution is not monotonic with respect to the wave ve-
locity, and thus the proof of [3] does not apply. We give an asymptotic formula for the
wave velocity which corresponds to the approximate solution of [1].

1. Statement of the Problem. As in [1], the steady-state equations for the propaga-
tion of combustion waves in an inert, porous medium for the filtration of a combustible gas

mixture have the form

ag d*0/dz® + ud@/dx + ao(T — 8) = 0,
(v — w)dT/dz + a (T — 0) = (Qlep)w(n, T), (1.1)
(v — u)dn/de = —win, T), u v,
where © and T are the temperatures of the solid structure and gas, respectively; n, relative
mass concentration of the solute; v, flow velocity; u, wave velocity; ag = auS/(1 — €)cee;
Op = OOg; O = M_-sk@oeﬂa%pT), Q@o, heat-exchange coefficient; S, specific area; e, porosity
constant; c¢g, pg and cp, pr, specific heats and densities of the solid structure and gas,
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respectively; ag thermal conductivity of the solid; Q, heat of the reaction; and w(n, T),
reaction rate function. The parameters v and pt are taken from the initial mixture (from

the equation of continuity). It is assumed that o >> 1, so that the thermal inertia of the
solid phase is much greater than that of the gas. Hence we do not consider conductive trans-
port in the gas in our model.

Equations (1.1) are considered for —~ < x < = with the conditions

.Z‘:—OO,@:TO,T:TO, n=1 (1.2a)
z = -}oo, 6 isthe temperature of the solid structure , n = 1, <C 1. (1.2b)

The correctness of condition (1.2a) follows from the relation w(n, Te¢) = 0. Only for
this case is the solution at x = —» a stationary point of (1.1). We will assume the follow-
ing conditions for the reaction rate function

win, 1) =0, T< Ty, I1> Ty
wn, 1Y>0, T>7T, n>0, w0, I')=0.
The above conditions imply that there exists a straight line segment © = T of stationary
points on which the point ® = Ty, T = To is included. From (l.2a), we can lower the order
of the system (1.1). Multiplying the first equation by —o, the third by Q/cp, adding all
three equations and integrating the result from — to x, we find the following system of
equations

(1.3)

@ u v—u Y Q

dz ag (@ —1To) + oag (T + CTn_TO_ CT)’ (1.4)
dar [ 24 . Q dn dn 1

= =i O D= e D)

We will assume that T(0, u) = T, in (1.4). Then the solution for x < 0 can be written
in the form

O (2,u) = Ty + 14 (Ty — T)e™,
Tz, u) =Ty + (Ty— Ty e, n(z,u)=1,

where p; > 0. Here we use the notation ry = 1 + (v —'u)ui/aT, where uy are the roots of the
characteristic equation

u Gp % v—(1+0o)u
W+ (gﬂ_u) g voa =

In order that there exist a positive root u, (the roots of the equation are real), the in-
equality u < v/(1 + ¢) must be satisfied. Note that the inequality u > v is contrary to the
result of integrating the third equation of (1.4) from —= to += with the use of condition
(1.3). Hence we are led to a Cauchy problem for (1.4) with the initial conditions

00, u) = To + ry(Ty — To), 7O, u) = T, n(0, u) = 1. (1.5)

It is required to prove the existence of a u < v/(1 + o) such that the temperature O is
bounded at x » +» [condition (1.2b)]. We will demonstrate that the functions © and T have
finite bounds. The system (1.4) has an additional stationary point

Q v—u .
@: T:TO—}——;m, n-O. (116)

It will be shown that the solution is bounded as this point is approached. The dependence
of the stationary point on the wave velocity is a function of the details of the model, un-
like the classical case.

2. Existence of the Solution. We introduce variables y, and y;, satisfying

ryy e =0 — T, y1+yz=T+Qn/CT—T0—0/CT* (2.1
This transformation is nonsingular because the determinant r; — ¥, = [(v — u)/ap](us — uz) >
0. The equations for y, and y. take the form
dy, ' Ty ap  Q
o Wt g (=, (2.2)
dy, 'y %r @
o Shh T U
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According to (1.5), the initial conditions are

n©O, u) =Ty — T, y:(0, u) =0, (2.3)
We introduce the function ¢(u)=:-";'u%; (ry—r,) and the dimensionless parameter ¢ = (Q/cT)/
T 2
(Ty — To). The solution of (2.2) and (2.3) satisfies the integral relatioms
T x
7, -
y1=—1—r"e”1°°(cp —qu | e “‘su-—n)ds), (2.4)
0
r,—T - ;s '
g, = L ogimge““’“ ' 4 — n)ds.
% ) T2 o

Because 0 < n(x, u) < 1 [this follows from (1.3)] and r, < 0 (this follows from the inequality
pz < —at/(v —u), we have ¢(u)>0 and

T,—T r1M1 (2-5)

1 0

et T = D < (0 <0,

—pys . . . . .
e * nds. Then the first integral relation of (2.4) can be rewritten in the

i R

Let m(z,u)=

=)

form

TlfT wyx

Y= g —g(t—m)e ™ + gl (2.6)
It follows from this that v;(x, u) is bounded if and only if the following inequality is

satisfied

l@(u)-—g(l——7n(x,u»ls;conste_uﬁ. 2.7)

o0

Let me(w) = limm (z,u) = py S e

X0 0
Meo(u) < 1. In addition, mw(u) = 1 if and only if n(x, u) = 1. It can be shown that ine-
quality (2.7) is equivalent to the following equality (from the point of view of bounding
the solution):

M ndr. For u < v/ (1l + o) this function is continuous and 0 <

o) = q(1 — mu(u)). (2.8)

We do not discuss the existence of solutions to (2.8) for now, but show that this proof gives

oo

the solution of the problem stated in Sec. 1. Let n -+ ng for x + +=. Then plge—uﬁnds—>nh
x

and from (2.8) it follows that we now show that

y, —~ Ty — Tylelgt — n.). (2.9)

We now show that if u satisfies (2.8), the temperature © is a monotonically increasing func-
tion of x. From (2.1) and (2.2), it follows that (0/dzx = p,ryy, + peraye. Substituting (2.4)
into this relation and using (2.8) we obtain

o0 x
d T, —T - —s
Rl R . e q [f 1y (n, T)ds —I—S R (n, T) ds].
0

7; (p v—u
x
Conditions (1.3) give the required proof. Because y; and y, are bounded, it follows that
© and T are also bounded. From the fact that ® is monotonic, it follows that O — ©.. Be-
cause y; has a finite limit (2.9), then y. also has a finite limit, and hence T - Te. It
is known (cf. [4]) that ©,, Te, and n, are stationary points. From the monotonicity of O
we have O, 0(0,u)>T;, i.e., the stationary point is given by (1.6).

It remains to be shown whether (2.8) is soluble for u < v/(1 + o). It was shown in
[5] that @@/ (1 + 0))=0 and ¢(u)— -+ for u > —=, Hence for ue = v(1 + o) — § we have
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@lu,) = 0(). The function mw(u) is representable in the form

v—Uu

Moo (U) = Uy fe dx.

x
1 (wn,T)
00 —pyX— —{——n—ds

Using the fact that u;(ue) = 0(8) and T(l, ue) = T, + 0(8), we obtain

My (1) << O (B) [1 + g‘ 9‘0(6)(1+kowT(1,T1))xdx].
1

We require that the following inequality be satisfied
wr(1, Ty + 0) >k >0. (2.10)

where ko and k, are positive constants. From this inequality it follows that, independently
of §, there exists a positive constant k, such that m,(ue) < 1=—ky. It folilows at once
from this that (2.8) is soluble. The restriction (2.10) on the function wi is not overly
severe. In our treatment, there is a certain arbitrariness in the cut-off point T, (in fact,
we consider an Arrhenius heat source). Setting T, equal to its maximum possible value, the
inequality (2.10) can be satisfied. Restrictions on T, are considered in [6].

Thus the existence of the solution to (1.1), (1.2) has been proven. The existence con-
ditions are requirements on the reaction rate function (1.3), (2.10).

3. Wave Velocity at Large Activation Energies. A large activation energy for a chemical
reaction means that E/RT, >> 1. This in turn leads to the approximate relation me(u) = 0.
Then the equation for the wave velocity takes the form

olu) = ¢, (3.1)

It was shown in [5] that when ¢ > 1, the function ¢(u) monotonically decreases from «
to zero as u varies from == to v/(1 + o). It follows from this that the solution of (3.1)
is unique. In [1] the same equation was obtained as a condition that the temperature of the
solid phase O be continuous across the boundary between the heating and cooling regions. We
note that the solution of (3.1) is a lower bound of the solution of (2.8). 1In the use of
(3.1), it is essential that T, be the maximum possible value, In [1] this corresponds to
the requirement that the chemical reaction range be narrow in comparison to the range of the
temperature O. Then the transition between the heating and cooling regions in the solid
phase can be considered as continuous. This means that if we take a cut-off point T; < T,
and calculate the corresponding function ms(u), one cannot put mi(u) = 0. Indeed, let T(xo,
u) = T}, where xo < 0. Then g':—f—/(T;_TO) —e "M%, Further, mh (u)=u, f o M g,

T ;CO
Using the fact that n(x, u) = 1 for xo < x < 0, we obtain m;(u)=:1-—e”ﬁ°u-—znx(u»- Then we
have
9 =q(t—ma(w)= ¢ (1—ms(0).

but if me(u) = O then my(u)~1— ¢"I™ and one cannot put me(u) = 0. Calculations using

(3.1) done in [1] have shown its versatility over a wide range of parameters when compared
to the experimental data.
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